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Background

o T—AMWMEEZEATTOT S LEE- Y TEEZIRAT 5.
o BAMEXFIERAMICESI LDELTHS.

o RAMEEST, 1e2 (FMBRICH>TULAL.

o MEHBLLTEZRDILET, MPLREITHERZD.
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We use I', A for contexts, A, B, C for types, x, y, z for variables.

@ I' - means I' is a well-formed context.

o ' - A means A is a well-formed type in context I.

o '+ x: A means ais a well-formed term of type A in context I'.
o ' A= B means A and B are equal types.
°

' x=y: A means x and y are equal terms.
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ROIES

R

Well-formed contexts: ~S - [,x:AF

Well-formed types:

Forall - dependent function type L ALB
P P THV(x: A)B

Exists - dependent pair type FFF?);:(XA : i\)?B

Natural numbers TN

I'HA I'Hx:A I'Fy: A

Equality - Paths
I' - Path Axy

AU

Universe - collection of small sets T J TCA
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ROIES

Well-formed terms:

Veintro _ LXtAFy:B veelim LFfV¥(x:A).B  Thkx:A
I Axy:V(x: A).B [+ fx: Bl
I'x:Ay: B T'Fx:A

V-comp

'+ (Axy)x = y[x] : B[x]

Jintro 1 XA I'ty: Bl

'k (xy):3(x:A).B
I'-z:3(x: A).B I'Fz:3(x:A).B
F'-z1:A 't z2: Blz1]

J-elim
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Rules for N

. - I'Fn:N
Ninto TTH0:N T gpin
I'n:N ' x: Pl0]

N-elim T n:N+P  T,n:Na: Pt f:P[Sn]
I'FrecnPxf: Pln|

N-comp T rec 0 Px f=x: P[0]

I'Frec Sn Px f= f[n|[rec n Px f]: P[Sn]
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Inductive types

@ N is one example of an inductive type.
@ In set theory these are constructed by taking the least fixed point of
some operator.

@ In type theory, we will postulate the constructors, and add an
elimination rule that computes given how to handle each constructor.

April 9, 2018 10 / 28

HUGUNIN Jasper Inductive-Inductive types in Homotopy Type ~



Example of an inductive type

Definition (terms in a simple language)

@ 'var i’ is a term for all i € N.
o If A and B are terms, then ‘sum A B’ is a term.

o If Ais a term, then ‘not A’ is a term.

The set of terms is the smallest set satisfying the above conditions.

In type theory, we formalize this as having terms:
o var: N — term
@ sum : term — term — term
@ not : term — term

And a term that expresses the induction principle (and computes)
elim-term : V(P : term — U).(Vn.P(var n)) — (VAB.PA— P B —
P(sum A B)) — (VA.P A — P(not A)) — V(t: term).P t
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More inductive types

o THOLIERRKLD2LEDLATINS.

o BAMLESEL, XFI1ESEL, BAMNGSHELRER

o SIAARRIL CD L SIZETS.

o FLTKIFMELRSEMEMS LD, BRELYBARRICT S
FYBENPFTNERS.

o LML, SOEMTIIEH I TT—RICEKELNLTLVENT—X
AHYFET.
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Type theory in Type theory

EOoELITEEKRERVHLTALS.

o FIIZZDDO YDA KRELT, ' ETHFALRHOT-. =
DHEEZEZDHIZ, I'FARYILIEHHFARGYFEFEFA. DFY,
FFAIZ THIZEKELTWLWS.

o LML, —LTA LS L—rH-T, ZHIETHAEES
T,x:AF

T, THFZEE&XLTLS.

o DFY, I'+2FELTHALIHFAZEETAIENTELHLT,
BEICEE LARTFAENFEL.

e SMETAH, THVITERIFERIELERDLATILS.
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Inductive Inductive types

@ We consider the simultaneous inductive definition of types A : U and
B: A — U, where the constructors of B can refer to the constructors
of A, to be an Inductive Inductive definition.

@ Our goal is to build Inductive Inductive types out of V, 3, N, and
regular inductive types.

@ We succeed in defining a specific set of Inductive Inductive types with
weak elimination rules.

@ The proofs here are formalized in the proof assistant Agda (using the
cubical mode).

@ The technique is expected to generalize to a much larger set of
definitions.
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Our running example

We fix one class of relatively simple Inductive Inductive types to work
with. These types have the advantage of being simple enough to be easy
to work with, while being general enough to eliminate unnecessary detail,

and being complex enough that results are generalizable.
Given

AA,BA: U AB,AC:AA— U BB,BC:BA— U
ACi:Va.ACa— ABa B(Ci:VaBCa— BBa Bi:VaBBa
Consider A and B as inductively generated by the constructors
supA :Va(chA : V(b : AB a).A).
V(chB : ¥(c: AC a).B(chA (ACiac))).A
supB :Va(chA : V(b : BB a).A).
V(chB : ¥(c: BC a).B(chA (BCi ac))).B(chA(Bi a))

HUGUNIN Jasper

Inductive-Inductive types in Homotopy Type ~ April 9, 2018



In cubical Agda (a computer proof assistant), we have defined such types
A and B, with functions supA and supB, such that the following induction
principle holds.

V(P:A— U)(Q:¥x.Bx— U).

V(IHA : Va chA chB.(Vb.P(chA b)) — (Vc.Q(chB ¢)) —
P(supA a chA chB)).

V(IHB : Va chA chB.(Vb.P(chA b)) — (Vc.Q(chB ¢)) —
Q(supB a chA chB)).
(Vx.P x) A\ (Vx (y : Bx).Qy)

And such that the resulting functions compute to /HA and /HB on supA
and supB respectively. Therefore, we are justified in using such types.
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Base Case

F9, BEADBEERESNT, B A & By ZUTTEET 5.

supAg :Va(chA : V(b : AB a).Ap)(chB : V(c: AC a).By).Ao
supBy :Va(chA : V(b : BB a).Ap)(chB : V(c: BC a).By).By

COERICEBEI G, BERGIDELAOTLES. ZLT
depy: By = Ay & Bi TE&ET 5.
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Induction Motive

An algebra consists of four parts:

e Ay IZxf9 %R algA
o J(x: Ag).algA x & depy ' (x) 1ZxF BikEE algB

@ algsupA : Va chA chB.(Vb.algA(chA b)) — (Vc.algB(chB ¢)) —
algA(supAga chA chB)

@ algsupB : Va chA chB.(Vb.algA(chA b)) — (Vc.algB(chB ¢)) —
algB(supBya chA chB)

We can clearly make some algebra by taking algA and algB to be T.
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Induction Step

Assume we have an algebra T.
By induction on Ay and By, we define:

@ For x: Ay, aset A’ x, and a function m4 : A’ x — algA x.

@ For y: By, aset By, and a function
g : B y— J(xg: algA(dep, y)).algB xg y.
@ When x = supAja chA chB, take A’ to be

J(chAgood : Vb.A'(chA b)).Vc.
(chB ¢ = chA(ACia c))A
J(cg: B (chBc)).mg cg.1 = ma (chAgood (ACiac))

with w4 taking (chAgood, chBgood) to
algsupA a chA chB (ma o chAgood) (75 o chBgood).

HUGUNIN Jasper Inductive-Inductive types in Homotopy Type ~ April 9, 2018



Induction Step

Practically the same definition works for defining B and 7.

Given these definitions, we define a new algebra with

algA x = A’ x

algB xy = 3(yg: B'y).mg yg .1 = max (note that this is the same as
was used in the definition of A’)

algsupA, algsupB as the straight-forward definitions.

This essentially adds equality requirements between x and X where we
had y : algB+ X' being used where algB+ x was expected in T.
However, this requirement is new data which does not necessarily
agree.
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@ So we get a sequence of algebras, one for each n € N.

@ Define our final type A as the limit of this chain:
TA, T Ay T A
Al ———— Ay — Ay «—"— -+
@ This is dependent on x: Ag. Let's consider what happens when
x = supAq a chA chB.

@ At each level, we have chAgood showing that chA b is also good for
all b, and since 4 passes straight through to chAgood, we know that
each is equal to 74 of the next. Thus we have A (chA b) for all b.
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Chain of B

@ The case for chB is a bit more difficult.
e We do have B’ (chB c) for all c at each level.

@ We also have a proof that chB ¢ = chA (ACi a ¢) at each level, but
we can set g up so that it doesn’t mess with that, so we have proofs
that they are all equal to each-other.

@ And we also have proofs that w4 a = wa b for some a and b at each
level, but because taking w4 of everything in an A-chain is the
identity, we manage to recover a full equality.

@ Therefore, our defined A has exactly the information that we need.

@ The same logic applies to B.
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Conclusion

e LLVOIDIFTT, BILE. HBESNEEDIZTES LHSLER LB
ZE&HLT:.

o SIZ, COIIAAIFE > & —MRTEHEHRT, EED Inductive
Inductive type ZEDZ EIEXTESHEEHND.

o SHOZTDHARKEBMITEESBREH LN, BOAL Agda &
FEOTEBALFEL=-DT, FES THLEWLET.

o LML, HEREFE-LTWLS.
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Problem 1: The eliminator has poor computational

behavior

o elimA EXHEHFICHEHLT 5L, ELWEANHTL ST LIFEE
BATETH, TOIEEAITE L L.

o EED Inductive type TIE, ZDFEBAFF-FRHGFHEIZLDH D%
DT, FLBFENECLEL-TWS.

o IHMIFFADHEBRIIZA, ZDOEH(EH-ENIEX, hITFERTSE
HEBROTVEN, FEFEFLHARIBES.
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Problem 2: —E M MHIXELEIBATE AL

SOFEOIEMETIEIP:A=- U E Q:V(x: A).Bx— U %f&E

2 TLV=.

o LMLIhZFEL-E—MILICTES
A:V(x:A).Bx— Px— UIZLTLFEZR, REICERLEZLOD
[X elimA :Vx.Px & elimB:Vx(y: Bx).Q xy (elimA x) Z#{EHD M
BHIIZHES.

o TOoBMNERIX, —EMILFIATES.

o INBEABATES LR >TLAD, ChITFE-#LEST.
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